In this work we propose a new kind of parameterized outer estimate of the united solution set to an interval parametric linear system. The new method has several advantages compared to the methods obtaining parameterized solutions considered so far. Some properties of the new parameterized solution, compared to the parameterized solution considered so far, and a new application direction are presented and demonstrated by numerical examples. The new parameterized solution is a basis of a new approach for obtaining sharp bounds for derived quantities (e.g., forces or stresses) which are functions of the displacements (primary variables) in interval finite element models (IFEM) of mechanical structures.
Introduction
Denote by R m×n the set of real m × n matrices. Vectors are considered as one-column matrices. A real compact interval is a = [a, a] := {a ∈ R | a ≤ a ≤ a} and IR m×n denotes the set of interval m × n matrices. We consider systems of linear algebraic equations having affine-linear uncertainty structure A(p)x = a(p), p ∈ p ∈ IR K , A(p) :
where A k ∈ R n×n , a k ∈ R n , k = 0, . . . , K and the parameters p = (p 1 , . . ., p K )
⊤ are considered to be uncertain and varying within given non-degenerate Usually, bounding a solution set interval methods generate numerical interval vectors that contain the solution set. A new type of solution, x(p, l), called parameterized or p-solution, providing outer estimate of the united parametric solution set is proposed in [1] . This solution is in form of an affine-linear function of interval-valued parameters x(p, l) =x + Up + l, p ∈ p, l ∈ l, wherex ∈ R n , U ∈ R n×K and l is an n-dimensional interval vector. The parameterized solution has the property Σ p uni ⊆ x(p, l), where x(p, l) is the interval hull of x(p, l) over p ∈ p, l ∈ l. For a nonempty and bounded set Σ ⊂ R n , its interval hull Σ is defined by linear system (1) is involved as equality constraint is shown in [3] . All parameterized solutions considered so far are functions of the initial parameters p of the system and of n (n is the dimension of the system) additional interval parameters l. Therefore, and in order to distinguish the newly proposed parameterized solution, we will call all parameterized solutions considered so far Kolev-style parameterized solutions, shortly p, l-solutions instead of p-solutions.
In this work we propose a new parameterized outer estimate of the united solution set to an interval parametric linear system. Basing on a recently proposed framework for interval enclosure of the united parametric solution set, which has a broader scope of applicability [6] , the new parameterized method has, respectively, a broader scope of applicability than most of the methods obtaining parameterized solutions considered so far. For parametric systems involving rank one uncertainty structure, the new parameterized solution depends only on the initial parameters of the system.
The structure of the paper is as follows. Section 2 introduces notation and known results about the parameterized x(p, l) solution. The new parameterized solution and its interval enclosure property are derived in Section 3. Some geometric properties of the parameterized solutions and theoretical comparison between the two kinds of parameterized solutions are presented in Section 4 along with numerical illustrative examples. Section 5 presents a new application direction for the newly proposed parameterized solution -a new simpler approach providing sharp bounds for derived variables in interval finite element models (IFEM) of mechanical structures. The new parameterized approach is illustrated by some example problems, which demonstrate its ability to deliver sharp bounds to derived variables with the same quality as those of the primary variables with less effort. In these examples we compare the interval enclosures obtained by the two kinds of parameterized solutions and by the direct interval approach, as well as by other approaches considered so far. The paper ends by some conclusions.
Preliminaries
For a = [a, a], define its mid-pointǎ := (a + a)/2, the radiusâ := (a−a)/2 and the magnitude |a| := max{|a|, |a|}. These functions are applied to interval vectors and matrices componentwise. Inequalities are understood componentwise. The spectral radius of a matrix A ∈ R n×n is denoted by ̺(A). The identity matrix of appropriate dimension is denoted by I. For
. . , A t ) ∈ R n×tm denotes the matrix obtained by stacking the columns of the matrices A k . Denote the i-th column of A ∈ R n×m by A •i and its i-th row by A i• .
n×n , ̺(∆) < 1. Then the inverse interval matrix
is given by
Next we recall the simplest single step method for obtaining the p, lsolution to an united parametric solution set Σ p uni . With the notationǍ =
The following theorem is modified from [2, Theorem 1] for the system (2).
(ii) the united p, l-solution x(p, l) of the system (2) exists and is determined by
where U =ȞB 0 ,l =Ĥ|B 0 |p, andȞ,Ĥ are the midpoint and radius matrices, respectively, of the inverse interval matrix H = [H, H] obtained by Theorem 1 for ∆ =
Most of the p, l-solutions considered so far require or check the condition (3), which determines the scope of applicability of the Kolev-style parameterized solutions.
New parameterized solution for Σ p uni
Let K = {1, . . . , K} and π ′ , π ′′ be two subsets of
. Denote by D pπ a diagonal matrix with diagonal vector p π .
In order to obtain a new parameterized solution to the united parametric solution set of (1) we consider the following equivalent form of the parametric system
with particular π ′ , π ′′ ⊆ K and suitable numerical matrices L, R, numerical vector t, and a parameter vector g(p π ′ ), which provide equivalent optimal rank one representation (cf. [6] or Definition 1) of either
Next definition is summarized from [6] .
where
There are various ways to obtain the representation (5), cf. [8] , [9] . In what follows, in the representation (5) we will not distinguish between the equivalent representations and between the representations originated from A(p π ′ ) or from A ⊤ (p π ′ ); the difference is essential for the applications, cf. [9, Example 8]. The following theorem presents a method (proposed in [6] ) for computing numerical interval enclosure of a parametric united solution set.
Theorem 3. Let the system (1) have equivalent representation (5) with optimal rank one representation of A(p) and let the matrix A(p) be nonsingular.
then (i) Σ uni (A(p), a(p), p) and the united solution set Σ uni ((8)) of the interval parametric system (8)) is computable by methods that require (3),
Proof. If (7) holds, by [6, Theorem 3.3] (see also [9, Theorem 7] ), the parametric matrix A(p), is regular in p ∈ p and the interval parametric matrix (8) is also regular. This implies (i), while (ii) follows because the latter interval parametric matrix satisfies also the condition (3). For more details see [6] .
The solution x of the interval parametric linear system
which is equivalent to that of (1) (respectively, that of (5)), and the solution y of system (8) are related via y = Rx. Hence, each solutionx ∈ Σ uni (A(p), a(p), p) satisfies
for somep ∈ [−p,p], and some y ∈ Σ uni ( (8)). Then, the inclusion isotonicity of interval operations gives (9) .
Theorem 4. Let the system (1) have equivalent representation (5) with optimal rank one representation of A(p) and let the matrix A(p) be nonsingular.
If (7) holds true, then i) there exists an united parameterized solution of the system (1), respectively the system (5), (12) where y ⊇ Σ uni ( (8)),
ii) with the same y used in (9) and in (12) , interval vector
) is equal to the interval vector obtained by Theorem 3.
Proof. The assumptions of the theorem imply that Theorem 3 holds true. By [10, Theorem 5.6], Σ uni ( (8)) ⊆ Σ uni ( (13)),
It follows from relation (11) that each solutionx ∈ Σ uni (A(p), a(p), p) satisfies also the relationx
for
, and some y ∈ y ⊇ Σ uni ( (13)).
We consider the expression in the right-hand side of (14) as a function of interval parameters p π ′′ and g. To this end we rearrange this expression equivalently aš
The latter implies (12) and (ii). Thus, the existence of (12) and (ii) follow from Theorem 3.
It is clear from (12) that the newly proposed parameterized solution
′ , where the vector g involves s − K 1 auxiliary interval parameters g ′ . Parametric linear systems involving rank one interval parameters are widely spread in various application domains. Examples of such systems originating from models of electrical circuits, in biology and structural mechanics are presented in [11] . Corollary 1. Let the system (1) have equivalent representation (5) with optimal rank one representation of A(p) and each A k have rank one. Let the matrix A(p) be nonsingular. Denote C = A −1 (p) andx = Ca(p). If (7) holds true, then i) there exists a united parameterized solution of the system (1), respectively the system (5),
where y ⊇ Σ uni ( (8)),
ii) with the same y used in (9) and in (15) , interval vector x([−p,p]) is equal to the interval vector obtained by Theorem 3.
Properties and Comparison
In this section we present some properties of the parameterized solutions and compare the two kinds of these solutions.
Theorem 5. Geometrically, the two kinds of parameterized solutions, Kolevstyle p, l-solutions and the newly proposed p, g-solution, are bounded convex polytopes.
Proof. From the representations (12) and (4), it is obvious that the two kinds of parameterized solutions are convex polytopes as affine images of the inter-
The convex polytopes are bounded due to the regularity conditions (7) and (3), respectively.
The first difference between the two kinds of parameterized solutions follows from the conditions (3), (7) for their existence, which imply their scope of applicability. It is proven in [6, Theorem 3.2] that condition (7) is more general than (3) and more powerful for large class of problems. Therefore, the newly proposed parameterized solution x(p π ′′ , q) is applicable to a wider class of parametric interval linear systems. The expanded scope of applicability is demonstrated in [9, Examples 5 and 8], as well as in [12] . In what follows we will not consider examples for which Kolev-style p, l-solutions cannot be found. The focus will be on comparing the two kinds of parameterized solutions when both exist.
Theorem 6. For a system (1) involving only rank one interval parameters 3 in the matrix and for which both (3), (7) hold true, the convex polytope representing a Kolev-style p, l-solution, l = 0, contains the convex polytope representing the newly proposed p-solution.
Proof. Since all vertices of the box p are vertices of the box p ⊤ , l ⊤ ⊤ , the proof follows from the properties of affine transformations, from Corollary 1 and from x(p, l) ⊇ x(p).
Our first example demonstrates Theorem 6 on a parametric system for which the interval enclosures of the united parametric solution set, obtained by the corresponding numerical methods, are the same. Example 1. Consider the interval parametric linear system
(16) For this system both conditions (3) and (7) 
Its numerical evaluation x ′ (p, l) gives (17). In order to obtain the newly proposed parameterized solution we first obtain the equivalent form (5) of the parametric system (16)
The coefficient matrix of the parameter p 2 in (16) has rank one. The interval parametric equation (8) has the form
An interval enclosure of the solution set of the last equation is
. 
Its interval evaluation x ′′ (p) gives also (17). However, (19) is a 2-polytope (in particular skew-box), with a much smaller volume than the polytope of the p, l-solution (18), both presented in Figure 1 Example 2. Consider the interval parametric linear system
For this system both conditions (3) and (7) 
The equivalent optimal rank one representation of system (20) is obtained for
The interval parametric equation (8) 
The two parameterized solutions and their interval hulls are presented and compared in Figure 2 .
In general, when comparing the two parameterized solutions x(p, l) and x(p π ′′ , g), one has to consider the two relations K + n K + s − K 1 and x(p, l) ∼ = x(p π ′′ , g), where ∼∈ {⊂, ⊃}. Example 3. Consider the interval parametric linear system
The coefficient matrix of p 2 has rank one, while the coefficient matrix of p 1 has rank two. Therefore, the equivalent optimal rank one representation of system (21) is obtained for
By Theorem 4, the parameterized solution is For this example x ′′ (p 2 , g) involves less number of interval parameters than
Bounding secondary (derived) variables
In this section we present a new application direction for the parameterized solution enclosures and demonstrate the value of the newly proposed parameterized solution.
While various methods and techniques are devised for obtaining very sharp (even the exact) bounds for the unknowns (called primary variables) of an interval parametric linear system, obtaining sharp enclosure of the socalled derived (secondary) variables is referred as a challenging problem. Secondary (derived) variables are functions of the primary variables or of both primary variables and the initial interval model parameters. Due to the dependency, the derived quantities are obtained with significant overestimation. Some special techniques are usually applied to decrease the overestimation in the secondary quantities. In [13] a new mixed formulation of interval finite element method (IFEM) is proposed, where both primary and derived quantities of interest are involved as primary variables in an expanded interval parametric linear system. In this section we propose an alternative approach based on the newly proposed parameterized solution. The new approach requires that the interval enclosure of the primary variables is obtained as a parameterized solution. Thus, interval estimation of the secondary variables reduces to range enclosure of the expressions representing secondary variables as functions of the initial interval model parameters. In formal notations the approach we propose based on the new parameterized solution of primary variables is presented in Algorithm 1.
Let A(p)u = a(p), p ∈ p, be an interval parametric linear system for the primary variables u and p ∈ p be the interval model parameters. For simplicity of the presentation we assume that the coefficient matrices of all interval parameters have rank one and the system for the primary variable can be solved by Theorem 3. Let v = p i b ⊤ u be a secondary (derived) variable, where p i is one of the model parameters and b is a numerical vector. 
Input: numerical matrices
for the unknown secondary variable.
1. Obtain the new parameterized interval enclosure of the primary variables by Theorem 3
There is a flexibility in the implementation of this step of the algorithm, which is discussed in [6] . In what follows, the approach proposed in Algorithm 1 is demonstrated on two examples and compared to various other approaches.
Generate p
′ = [−p,p], v ′ = p i b ⊤ u 0 + (b ⊤ U)p ′ . 3. Since v ′ (p)∂v ′ (p) ∂p i = b ⊤ u p (p) + p i b ⊤ ∂u p (p) ∂p i = (b ⊤ u 0 + (b ⊤ U)p ′ ) + p i (b ⊤ U •i ). Evaluate v 1 = [v − 1 , v + 1 ] = b ⊤ u 0 + (b ⊤ U)p ′ ) and v 2 = p i (b ⊤ U •i ). 3.1 If 0 ∈ v − 1 + v 2 , then v − = (v ′ ) − else s 1 = sign(v − 1 + v 2 ) ∈ {−1, 1}; (p ′ ) i = −s 1pi ; v − = (p i − s 1pi )(b ⊤ u 0 + (b ⊤ U)p ′ ); 3.2 If 0 ∈ v + 1 + v 2 , then v + = (v ′ ) + else s 2 = sign(v + 1 + v 2 ) ∈ {−1, 1}; (p ′ ) i = s 2pi ; v + = (p i + s 1pi )(b ⊤ u 0 + (b ⊤ U)p ′ ); 4. Return v = [v − , v + ].
Example 1
Consider a 6-bar truss structure as presented in Fig. 3 after [14] . The structure consists of 6 elements. The crisp values of the parameters of the truss are presented in Table 1 .
The traditional finite element method (FEM) for this structure leads to a linear system
where K(E, A, L) is the reduced stiffness matrix depending on the structural parameters (modulus of elasticity E, cross sectional area A, length L) for each Figure 3 : A 6-bar truss structure after [14] .
element, f (Q) is the load vector and u is the displacement vector. Namely, Cross sectional area
Cross sectional area
Load Q (kN) 20.5
Length of the first and second element L 1 , L 2 (m) 0.6 Length of the third and fourth element L 3 , L 4 (m) 0.8 Length of the fifth and sixth element L 6 , L 6 (m) 1 Table 1 : Crisp values of the parameters for the 6-bar truss structure.
corresponding element forces and where With the crisp values from Table 1 , the optimal equivalent rank one representation of the system (22) It is readily seen that u ′′ (A 5 , A 6 , Q) provides sharper interval enclosure to the displacements than u ′ (A 5 , A 6 , Q, l). Percentage by which the latter overestimates the former is (2.95, 2.32, 2.87, 2.39)
⊤ . This implies that the newly proposed parameterized solution u ′′ (A 5 , A 6 , Q) will provide a sharper enclosure of the element axial forces.
For the particular example we have 
which shows that the element axial forces F e i , i = 1, 3, 4, are linear functions of the interval model parameters A 5 , A 6 , Q, while the axial forces F e 5 , F e 6 are quadratic functions of the interval parameters A 5 , A 6 , respectively. In what follows, in particular Table 2 , we use the notation 
Example 2
Consider a finite element model of a one-bay 20-floor truss cantilever presented in Fig. 4 , after [15] . The structure consists of 42 nodes and 101 elements. The bay is L = 1m, every floor is 0.75L, the element cross-sectional area is A = 0.01 m 2 , and the crisp value for the element Young modulus is E = 2 × 10 8 kN/m 2 . Twenty horizontal loads with nominal value P = 10 kN are applied at the left nodes. The boundary conditions are determined by the supports: at A the support is a pin, at B the support is roller. It is assumed 10% uncertainty in the modulus of elasticity E k of each element (∓5% from the corresponding mean value) and 10% uncertainty in the twenty loads. The goal is to obtain bounds for the axial force (F 40 ) in element 40.
Exactly this problem is used in [13] as a benchmark problem for the applicability, computational efficiency and scalability of the approach proposed therein for structures with complex configuration and a large number of interval parameters. The aim of using this example in the present work is similar: to check these properties for the newly proposed Algorithm 1 based on the new parameterized solution. In addition, the interval result obtained by the approach proposed here will be compared to the results obtained by various other approaches considered in [13, Example 2] . Table 3 presents intervals for the axial force F 40 in element 40, which are obtained by:
• the special expanded finite element formulation, proposed in [13] , (F 40 );
• the newly proposed parameterized solution and step 2 of Algorithm 1, (F ′ 40 (E, P));
• the newly proposed parameterized solution and step 3 of Algorithm 1, (F ′′ 40 (E, P)). Interval values for the axial force F 40 , obtained by Pownuk's "gradientfree" method [16] and by the Neumaier's enclosure z 2 (u) [12, Eqn. (4.13) ], are presented in [13] and can be compared.
It should be mentioned that the coefficient matrices of all interval parameters in the linear system for the displacements have rank one. Therefore, there are no exceed interval parameters in the parameterized solution enclosure for the displacements. The symbolic expression of F 40 (E, P ) is a quadratic function of the interval parameter E 40 . Applying step 3 of Algorithm 1 we prove numerically that both the lower and the upper bounds of F 40 (E, P ) are attained at the upper bound of E 40 . Note that this does not mean monotonic dependence of E 40 . Note also that the above proof is very easy compared to proving monotonic dependence of the displacements on the interval parameters.
Step 3 in Algorithm 1 costs nothing compared to step 2 of the algorithm. Thus, we obtain an improvement F ′′ 40 (E, P) of the bounds F ′ 40 (E, P) in Table 3 . Interval F ′′ 40 (E, P) is sharper than the interval F 40 , obtained by the approach of [13] , which shows the efficiency of the newly proposed approach based on the new parameterized solution. It should be also mentioned that the interval axial force z 2 (u), showed in [13, Table 4 ] and obtained by the Neumaier's approach [12, Eqn. (4.13) ], is the same as the interval F ′ 40 (E, P) in Table 3 .
Conclusion
We presented a new kind of parameterized solution to interval parametric linear systems. It is based on optimal rank one representation of the parameter dependencies. This representation determines the number of interval parameters in the parameterized solution, as well as, whether the new parameterized solution will have better properties than the Kolev-style parameterized solution.
The major advantage of the newly proposed parameterized solution is for interval parametric linear systems involving rank one uncertainty structure. Such systems appear often in various domain-specific models, cf., [11] . A general application direction is presented in this article and illustrated by some numerical examples originated from worst-case analysis of truss structures in mechanics.
While bounding secondary variables by the approach of [13] requires a dedicated IFEM formulation for each particular problem and the system to be solved is expanded by the number of derived quantities, the approach based on the new parameterized solution of primary variables does not depend on the IFEM formulation, does not require solving an expanded interval parametric linear system, and provides sharp bounds for the derived quantities by a simple interval evaluation. The proposed new approach could be applied to various other problems of enclosing secondary (derived) variables.
